Keywords: Pseudo-parabolic integro-differential equation; mixed covolume methods;generalized mixed covolume elliptic projection; error estimates. Abstract. In this paper, we present a mixed covolume method for the initial-boundary value problem of the pseudo-parabolic integro-differential equation. This method uses the lowest order Raviart-Thomas mixed element space on triangles as the trial space. The convergence analysis shows that this method yields the approximate solution with optimal accuracy in 2 div;Ω (Ω) H() Ĺ .
Introduction
Consider the following initial-boundary value problem of the pseudo-parabolic integrodifferential equation where Ω is a bounded convex polygonal domain in R 2 with the boundary ∂Ω, 0 T <<¥. , t u u t ¶ =Ñ ¶ and div denote the gradient and the divergence operators, respectively. The functions 12 ,, abb with their derivatives are smooth enough, and there exist two positive constants 1 c and 2 c such that 12 0 cac <££ . Here and in what follows, we will not write the independent x,, t t for any functions unless it is necessary. Vectors will be expressed in boldface. The pseudo-parabolic integro-differential equation is an important integro-differential equation because of its wide application in many practical problems such as fluid mechanics, nuclear dynamics, or biomechanics. The existence and uniqueness problem of the solution has been done in [6, 14, 10, 11] .
Recently, some numerical methods of (1.1) or (1.2) are studied by several authors( [16, 3] ). In [16] , Zhou et al. studied a H 1 -Galerkin mixed finite element method of the problem (1.1) and proved the optimal convergence of the method. In [3] , Che studied the mixed finite element method of (1.2) and obtained the optimal error estimates of this mixed finite element scheme in the div;Ω H() -norm and L 2 -norm. The purpose of this paper is to study the mixed covolume method for the problems (1.2). Mixed _ covolume method was first proposed by Russell([13] ). The basic technique of this method was to relate the Petro-Galerkin scheme to a standard finite element Galerkin or mixed method through an introduction of the transfer operator γh that maps the trial function space into the test function space. This method not only preserves the simplicity of finite difference and the high accuracy of finite element but maintains the mass conservation law, which is very important to fluid and under-ground fluid computations. The optimal convergence of the mixed covolume method for linear elliptic problems on triangular grids was given by Chou et al.([4] ), and Yang et al.( [15] ) extended this numerical method to the parabolic problem.
In a mixed covolume method for differential systems (1.2) one uses two staggered irregular gridsa primal grid consisting of primal volumes (elements) and a dual grid consisting of covolumes (dual elements). The associated discretization equations are derived by integrating the differential equations over the volumes and using the divergence theorem or the Stokes theorem when proper. The balance between the numbers of unknowns and equations depends on a judicious placement of the degrees of freedom for the unknown functions.
The goal of this article is to consider the error estimates of this mixed covolume scheme. We give the approximate solution with optimal accuracy in 
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The organization of this paper is as follows. In the next section we describe the mixed covolume method for the problem (1.1) on triangles. In section 3, we introduce a generalized mixed covolume elliptic projection associated with (1.2) and study the error estimates of the generalized mixed covolume elliptic projection. In section 4, using the error estimates obtained in section 3, we establish the optimal rate of convergence for the approximate solution in the div;Ω H() -norm and L 2 -norm. Throughout this paper, we use C (without or with subscript) to denote a generic constant independent of the discretization parameters, which has different values in different appearances. We also adopt the standard definitions and notations of Sobolev spaces and their full norms and seminorms in [1] , [5] , [9] . :VV satisfying
Mixed covolume formulation
and the L 2 orthogonal projection :
(2.5) Then the following properties of the projections Π h and P h hold [12] : 12 1 subtriangles. For any interior node P, which is the midpoint of the edge e, the dual element P K * is the quadrilateral consisting of the two subtriangles which have e as their common edge. For any node P on the boundary ∂Ω, the corresponding dual element is the subtriangle, where P is one of the midpoints of its edges. The dual partition h T * is the union of the interior quadrilaterals and the border triangles. Referring to Fig.1 [15] There exists a positive constant C 1 independent of h such that
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Lemma 2.3 [15] For any functions v,qV hhh Î , the following symmetry relation ||q,v||||q,v|| hhhhhh gg = (2.20) holds.
Lemma 2.4 [15] There exists a positive constant C independent of h such that [15] There exists a positive constant C independent of h such that 
Generalized Mixed Covolume Elliptic Projection
In the study of mixed covolume methods for parabolic problems, we usually introduce a mixed covolume elliptic projection associated with our equations. Modifying this idea according to our pseudo-parabolic integro-differential equations, we define a map On the other hand, from [11] we know that for V h ×W h there exists a positive constant C independent of h such that Proof. The proof of (3.7) see lemma 4.1 in [15] . To prove (3.8), it follows (2.9) and (2.24) that 
